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We study the homology of gauge groups associated with principal SU(n) bundles over the
four-sphere. After computing the mod p homology of based gauge groups of SU(n) by
combined use of the Serre spectral sequence and the Eilenberg–Moore spectral sequence,
we compute the mod p homology of gauge groups of SU(n) using the Serre spectral
sequence for the evaluation ﬁbration.
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1. Introduction
Let G be a compact, connected simple Lie group. The fact that π3(G) = π4(BG) = Z leads to the classiﬁcation of principal
G bundles Pk over S4 by the integer k in Z . Let Gk(G) be the (full) gauge group associated with the principal G bundle
over the four-sphere which is the group of bundle automorphisms on Pk , that is, G-equivariant self maps of Pk covering
identity map of S4. The gauge group Gk(G) acts freely on the space Map(Pk, EG) of all G-equivariant maps from Pk to EG ,
and its orbit space is given by the k-component Mapk(S
4, BG) of the space of maps from S4 to BG . Since Map(Pk, EG) is
contractible, we have BGk(G)  Mapk(S4, BG) where  is the homotopy equivalence. Similarly, if Gbk (G) is the based gauge
group which consists of base point preserving automorphisms on Pk , we have BGbk (G)  Ω3k G [1].
Many papers consider homotopy types of gauge groups associated with principal SU(n) bundles [6,12,17]. In this paper
we study the mod p homology of gauge groups associated with principal SU(n) bundles over the four-sphere.
This paper is organized as follows. In Section 2, we collect some known facts, which will be used in next sections. In
Section 3, we compute the mod p homology of based gauge groups of SU(n) by combined use of the Serre spectral sequence
and the Eilenberg–Moore spectral sequence. In Section 4, we compute the mod p homology of gauge groups of SU(n) using
the Serre spectral sequence for the evaluation ﬁbration Gbk (SU(n)) → Gk(SU(n)) → SU(n).
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Throughout this paper, the subscript of an element always means the degree of the element, for example, the degree
of ai is i. We recall the following well-known fact in [16].
Theorem 2.1. The cohomology of SU(n) are given by
H∗
(
SU(n);Fp
)= E(e2i+1: 1 i  n − 1), n 2,
Sq2 j(e2i+1) =
(
i
j
)
x2i+2 j+1,
P j(e2i+1) =
(
i
j
)
x2i+2 j(p−1)+1,
where E(x) is the exterior algebra on x.
On the n-fold loop space Ωn X , we have homology operations
Q i(p−1) : Hq
(
Ωn X;Fp
)→ Hpq+i(p−1)(Ωn X;Fp)
for 0  i  n − 1 when p = 2, and for 0  i  n − 1 and i + q even when p > 2. They are natural with respect to n-fold
loop maps. In particular, we have Q 0x = xp . Here the iterated power Q ai denotes the composition of Q i ’s a times. If G
is a Lie group, G is homotopy equivalent to ΩBG . Hence Q 3(p−1) is deﬁned in H∗(Ω3G;Fp) and Q 4(p−1) is deﬁned in
H∗(Ω4G;Fp). These operations satisfy the following properties.
Theorem 2.2. (See [5,7].) In the path-loop ﬁbration
Ωn+1X → PΩn X → Ωn X,
we have the following.
(a) If x ∈ H∗(Ωn X;Fp) is transgressive in the Serre spectral sequence, so is Q ix and τ ◦ Q i(p−1)x = Q (i+1)(p−1) ◦ τ x for each i,
0 i  n− 1 where τ is the transgression.
(b) For p > 2 and n > 1, d2q(p−1)(xp−1 ⊗ τ (x)) = −βQ (p−1)τ (x) if x ∈ H2q(Ωn X;Fp).
(c) For p = 2, Sq1∗Q ix = Q i−1x if x ∈ Hq(Ωn X;F2) and q + i is even.
We denote the primitives and the indecomposables of H∗(X; Zp) by P H∗(X; Zp) and Q H∗(X; Zp), respectively. In the
Eilenberg–Moore spectral sequence, we have a suspension map
σ : Q H∗(X; Zp) ∼= Tor−1,∗H∗(X;Zp)(Zp, Zp) = E
−1,∗
2 → E−1,∗∞ ⊂ H∗−1(Ω X; Zp) .
Since the elements of Tor−1,∗H∗(X;Zp)(Zp, Zp) are primitive and permanent cycles in the Eilenberg–Moore spectral sequence, the
above map induces the suspension homomorphism σ : Q H∗(X; Zp) → P H∗−1(Ω X; Zp) .
Theorem 2.3. (See [3].) Let X be a path connected H-space. Then the following is true.
(a) The Eilenberg–Moore spectral sequence collapses at E2 if and only if kerσ = 0.
(b) The suspension σ : Q Hk(X;Fp) → P Hk−1(Ω X;Fp) is injective if k ≡ 2mod2p.
(c) The suspension σ : Q Hk(X;Fp) → P Hk−1(Ω X;Fp) is surjective if k − 1 ≡ −2mod2p.
Theorem 2.4. (See [13].) The Eilenberg–Moore spectral sequences for the path loop ﬁbrations converging to the mod p (co)homology
of the double and the triple loop spaces of any simply connected ﬁnite H-space collapse at the E2-term.
3. Based gauge group
The based gauge group Gb(SU(n)) is homotopy equivalent to Ω4SU(n), since BGb(SU(n))  Ω3SU(n). We recall in [16]
that SU(n) is p-regular if and only if n p, that is, localized at p, SU(n) p S3 × · · · × S2n−1. Thus for n p and k 0,
H∗
(
ΩkSU(n);Fp
)∼=
n−1⊗
i=1
H∗
(
Ωk S2i+1;Fp
)
.
For the homology of iterated loop spaces of sphere we refer to papers by Dyer and Lashof [7] or Milgram [14].
For n > p, we recall the mod 2 homology of the triple loop space of SU(n) in [2,19]. Note that π4(SU(2)) = Z2,
π4(SU(n)) = 0,n 3.
1342 Y. Choi / Topology and its Applications 155 (2008) 1340–1349Theorem 3.1. Let n > p. Then as an algebra, H∗(Ω30 SU(n);F2) is isomorphic to
F2
[
Q a2
(
Q 2[1] ∗ [−2]
)
: a 0
]
⊗ F2
[
Q a2(u2i−2): a 0, 1< i 
[
n − 1
2
]
, i ≡ 0mod2
]
⊗ F2
[
Q a1Q
b
2 (u2i−2): a,b 0,
[
n − 1
2
]
< i  n− 1, i ≡ 0mod2
]
⊗ F2
[
Q a1Q
b
3 (v4i−3): a,b 0,
[
n− 1
2
]
< i  n − 1, i ≡ 0mod2
]
where [1] ∈ H∗(Ω31 SU(n);F2) is the image of the generator in H˜0(S0;F2) for the map: S0 → Ω3SU(n) and [x] denotes the greatest
integer less than or equal to x.
Now we will compute the mod 2 homology of the four fold loop space of SU(n). Here the case of the four fold loop
space of SU(2) is a little different from that of SU(n), n 3.
Lemma 3.2. As an algebra, H∗(Ω40 SU(2);F2) is isomorphic to
E
(
Q a1Q
b
2 [1] ∗
[−2a+b]: a + b 1)
⊗ F2
[(
Q a1Q
b
3u1
)2
: a,b 0
]⊗ F2[Q a1Q b2 Q c4Q 2u1: a,b, c  0].
Proof. Note that SU(2) ∼= S3. From [7,14], we have H∗(Ω30 S3;F2) = F2[Q a1Q b2 [1] ∗ [−2a+b]: a,b  0]. Here Q 1[1] ∗ [−2] is
primitive because
(Q 1[1] ∗ [−2])= Q 1([1]) ∗ ([−2])= Q 1([1] ⊗ [1]) ∗ ([−2] ⊗ [−2])
= (Q 1[1] ⊗ Q 0[1] + Q 0[1] ⊗ Q 1[1]) ∗ ([−2] ⊗ [−2])
= (Q 1[1] ⊗ [2] + [2] ⊗ Q 1[1]) ∗ ([−2] ⊗ [−2])
= Q 1[1] ∗ [−2] ⊗ [0] + [0] ⊗ Q 1[1] ∗ [−2]
= Q 1[1] ∗ [−2] ⊗ 1+ 1⊗ Q 1[1] ∗ [−2].
On the other hand, Q 2[1] ∗ [−2] is not primitive because
(Q 2[1] ∗ [−2])= Q 2([1]) ∗ ([−2])= Q 2([1] ⊗ [1]) ∗ ([−2] ⊗ [−2])
= (Q 2[1] ⊗ Q 0[1] + Q 1[1] ⊗ Q 1[1] + Q 0[1] ⊗ Q 2[1]) ∗ ([−2] ⊗ [−2])
= (Q 2[1] ⊗ [2] + Q 1[1] ⊗ Q 1[1] + [2] ⊗ Q 2[1]) ∗ ([−2] ⊗ [−2])
= Q 2[1] ∗ [−2] ⊗ [0] + Q 1[1] ∗ [−2] ⊗ Q 1[1] ∗ [−2] + [0] ⊗ Q 2[1] ∗ [−2]
= Q 2[1] ∗ [−2] ⊗ 1+ Q 1[1] ∗ [−2] ⊗ Q 1[1] ∗ [−2] + 1⊗ Q 2[1] ∗ [−2].
Similarly we obtain
(Q a2 [1] ∗ [−2a])= Q a2 [1] ∗ [−2a]⊗ 1+ Q a1 [1] ∗ [−2a]⊗ Q a1 [1] ∗ [−2a]+ 1⊗ Q a2 [1] ∗ [−2a].
This implies that ((Q a1 [1] ∗ [−2a])∗)2 = (Q a2 [1] ∗ [−2a])∗ where (_)∗ are dual cohomology elements in H∗(Ω30 S3;F2). Hence
H∗(Ω30 S3;F2) consists of tensor product of two parts. One part is
F2
[(
Q a1 [1] ∗
[−2a])∗: a 0]/((Q a1 [1] ∗ [−2a])∗)4,
and the other part is the dual of the following homology part
F2
[
Q a+11 Q
b+1
2 [1] ∗
[−2a+b+2]: a,b 0].
By the Nishida relations we get Q 3Q 1 = Q 1Q 2, and get Q b3 Q 1 = Q 1Q b2 , b 1, inductively. So we have
F2
[
Q a+11 Q
b+1
2 [1] ∗
[−2a+b+2]: a,b 0]= F2[Q a1Q b3 (Q 1Q 2[1] ∗ [−4]): a,b 0].
From [9], we know that the Eilenberg–Moore spectral sequence converging to H∗(Ω40 S3;F2) with E2 = TorH∗(Ω30 S3;F2)(F2,F2)
collapses at E2. Hence the Eilenberg–Moore spectral sequence with E2 = ExtH∗(Ω30 S3;F2)(F2,F2) converging to H∗(Ω
4
0 S
3;F2)
also collapses at E2. Then by the formal Ext computation we get the conclusion. 
Y. Choi / Topology and its Applications 155 (2008) 1340–1349 1343Now we will turn to the computation of H∗(Ω4SU(3);F2). From Theorem 3.1, H∗(Ω30 SU(3);F2) is isomorphic to
F2
[
Q a2
(
Q 2[1] ∗ [−2]
)
: a 0
]⊗ F2[Q a1Q b3 v5: a,b 0].
Consider the Eilenberg–Moore spectral sequence converging to H∗(Ω4SU(3);F2) with
E2 = CotorH∗(Ω30 SU(3);F2)(F2,F2)
= Cotor
F2[Q a2 (Q 2[1]∗[−2]): a0]⊗F2[Q a1 Q b3 v5: a,b0](F2,F2)
= F2
[
Q a3u1: a 0
]⊗ F2[Q a1Q b2 Q c4v4: a,b, c  0].
We will show the collapsing of the above Eilenberg–Moore spectral sequence by comparing the Serre spectral sequence
converging to H∗(Ω4SU(3);F2) for the ﬁbration
Ω40 SU(2) → Ω4SU(3) → Ω4S5〈1〉.
Let H∗(Ω4S5;F2) = F2[Q a1Q b2 Q c3x1: a,b, c  0]. Then by naturality of the Dyer–Lashof operations, we get the differentials
of above Serre spectral sequence
d
(
x21
)= Q 1[1] ∗ [−2],
d
(
Q a0 Q
b+1
1 x1
)= Q a1Q b+12 [1] ∗ [−2a+b+1],
d
(
Q a0 Q
b
1 Q
c
3Q 3x1
)= Q a1Q b2 Q c4(Q 2u1).
Here elements Q a0 Q
b+1
1 x1 ⊗ Q a1Q b+12 [1] ∗ [−2a+b+1] survives permanently for a,b  0. Moreover Q a0 Q b1 Q c+12 Q d3 (x1) also
survives permanently for a,b, c,d 0 and (Q a1Q b3u1)2 for a,b 0. Therefore we get
E∞ = E(Q a0Q b+11 x1 ⊗ Q a1Q b+12 [1] ∗ [−2a+b+1]: a,b 0)
⊗ F2
[(
Q a1Q
b
3 x1
)2
: a,b 0
]⊗ F2[Q a1Q b+12 Q c3x1: a,b, c  0].
We have exploited two spectral sequences going to the same destination space H∗(Ω4SU(3);F2): One is the Eilenberg–
Moore spectral sequence and the other is the Serre spectral sequence. Now we can check that as a graded vector space,
the E2-term of the Eilenberg–Moore spectral sequence has the same size in every total degree as the E∞-term of the Serre
spectral sequence. This implies that the Eilenberg–Moore spectral sequence collapses at the E2-term and the Serre spectral
sequence have algebra extensions, which lead
H∗
(
Ω4SU(3);F2
)= F2[Q a3u1: a 0]⊗ F2[Q a1Q b2 Q c4v4: a,b, c  0].
In general case we have the following theorem.
Theorem 3.3. As an algebra, H∗(Ω4SU(n + 1);F2), n 2, is isomorphic to
F2
[
Q a3u1: a 0
]⊗ F2
[
Q a1Q
b
3u2i−3: a,b 0, 1< i 
[
n
2
]
, i: odd
]
⊗ F2
[
Q a1Q
b
2 Q
c
3u2i−3: a,b, c  0,
[
n
2
]
< i  n, i: odd
]
⊗ F2
[
Q a1Q
b
2 Q
c
4v4i−4: a,b, c  0,
[
n
2
]
< i  n, i: even
]
.
Proof. There is a morphism of ﬁbrations
Ω5S2n+1 −→ ∗ −→ Ω4S2n+1
↓ ↓ ‖
Ω4SU(n) −→ Ω4SU(n + 1) −→ Ω4S2n+1.
Consider the Serre spectral sequence for the bottom row ﬁbration. Then from the commutativity of the diagram and natu-
rality of Dyer–Lashof operations, the behaviors of differentials for the spectral sequence are completely determined by the
differential from x2n−3 where H∗(Ω4S2n+1;F2) = F2[Q a1Q b2 Q c3x2n−3: a,b, c  0].
Now we will compute H∗(Ω4SU(n + 1);F2) by induction on n. At ﬁrst we assume H∗(Ω4SU(2n + 1);F2) to prove the
case of H∗(Ω4SU(2n + 2);F2). Consider the Serre spectral sequence for
Ω4SU(2n + 1) → Ω4SU(2n + 2) → Ω4S4n+3.
1344 Y. Choi / Topology and its Applications 155 (2008) 1340–1349Since this Serre spectral sequence is the spectral sequence of a Hopf algebra, the target of the ﬁrst differential from the gen-
erator x4n−1 in H∗(Ω4S4n+3;F2) is the primitive element of dimension 4n−2. Since there is no (4n−2)-dimensional primi-
tive element in H∗(Ω4SU(2n+1);F2), the spectral sequence collapses at E2 by naturality of differentials and of Dyer–Lashof
operations. Hence H∗(Ω4SU(2n+ 2);F2) is the tensor product of H∗(Ω4SU(2n+ 1);F2) and F2[Q a1Q b2 Q c3u4n−1: a,b, c  0]
and we get the conclusion. Note that [2n/2] = [(2n + 1)/2].
Next we assume H∗(Ω4SU(2n);F2) to prove the case of H∗(Ω4SU(2n + 1);F2). We have a morphism of ﬁbrations
Ω5SU/SU(2n)
f−→ Ω4SU(2n) −→ Ω4SU
↓ ↓ ‖
Ω5SU/SU(2n + 1) −→ Ω4SU(2n + 1) −→ Ω4SU
↓ ↓ ↓
Ω4S4n+1 = Ω4S4n+1 −→ ∗
Since the connectivity of Ω5SU/SU(2n) is 4n − 5 and connectivity of Ω5SU/SU(2n + 1) is 4n − 3, the generator x4n−3 in
H∗(Ω4S4n+1;F2) should be transgressive to the (4n−4)-dimensional primitive element, say z4n−4 in H∗(Ω5SU/SU(2n);F2).
Now H∗(Ω4SU ;F2) is generated by odd generators and there is a (4n − 4)-dimensional generator in H∗(Ω4SU(2n);F2),
which is v4n−4 for even n and Q 2u2n−3 for odd n. So f∗(z4n−4) = 0. Therefore in the Serre spectral sequence for the middle
column ﬁbration, the transgression from x4n−3 in H∗(Ω4S4n+1;F2) is non-trivial by naturality of the differential.
We divide the middle column ﬁbration into the two cases.
Case 1. Consider the ﬁbration
Ω4SU(4n) → Ω4SU(4n + 1) → Ω4S8n+1.
Then the target of the ﬁrst differential is the primitive element of dimension 8n − 4. The element v8n−4 is the only prim-
itive v8n−4 of that dimension in H∗(Ω4SU(4n);F2). Let H∗(Ω4S8n+1;F2) = F2[Q a1Q b2 Q c3x8n−3: a,b, c  0]. By naturality of
differentials and of Dyer–Lashof operations, we get the differentials
d(x8n−3) = v8n−4,
d
(
Q a0 Q
b
1 Q
c
3x8n−3
)= Q a1Q b2 Q c4(v8n−4): a,b, c  0.
Then elements Q a0 Q
b
1 Q
c+1
2 Q
d
3 x8n−3 for a,b, c,d 0 survives permanently and produces Q a0 Q b1 Q c2Q d4 v16n−4, a,b, c,d 0 in
H∗(Ω4SU(4n + 1);F2), from which we can get the result.
Case 2. Consider the ﬁbration
Ω4SU(4n + 2) → Ω4SU(4n + 3) p−→ Ω4S8n+5.
Then the target of the ﬁrst differential is the primitive element of dimension 8n. The element Q 2u4n−1 is the only prim-
itive of that dimension in H∗(Ω4SU(4n + 2);F2). By naturality of differentials and of Dyer–Lashof operations, we get the
differentials
d(x8n+1) = Q 2u4n−1,
d
(
Q a0 Q
b
1 Q
c
3x8n+1
)= Q a1Q b2 Q c4Q 2u4n−1: a,b, c  0.
Then Q a0Q
b
1 Q
c+1
2 Q
d
3 x8n+1 for a,b, c,d  0 survives permanently, which produces Q a0 Q b1 Q c2Q d4 (v16n+4), a,b, c,d  0, in
H∗(Ω4SU(4n + 3);F2). Note that by the Nishida relations, we get Q 4Q 2 = Q 2Q 3 and Q a4Q 2 = Q 2Q a3 ,a 1 inductively. Let
p∗(Q 2x8n+1) = u16n+4. Moreover Q a0 Q b1 Q c3u4n−1,a,b, c  0, survives permanently and produces elements in H∗(Ω4SU(4n+
3);F2), from which we can get the conclusion. 
We turn to the cases of odd primes. From now on, p always means an odd prime. Since SU(n) is p-regular for n p, we
concentrates on the case of n > p. We recall the triple loop case in [2,19].
Theorem 3.4. Let n > p. Then as an algebra H∗(Ω30 SU(n);Fp) is isomorphic to
Fp
[
Q a2(p−1)
(
Q 2(p−1)[1] ∗ [−p]
)
: a 0
]
⊗ Fp
[
Q a2(p−1)u2i−2: a 0, 1< i  n − 1, i ≡ 0mod p
]
⊗ E
(
Q ap−1βQ b2(p−1)u2i−2: a 0, b > 0,
[
n − 1
p
]
< i  n − 1, i ≡ 0mod p
)
⊗ Fp
[
βQ ap−1βQ b2(p−1)u2i−2: a,b > 0,
[
n − 1]
< i  n − 1, i ≡ 0mod p
]p
Y. Choi / Topology and its Applications 155 (2008) 1340–1349 1345⊗ E
(
Q ap−1Q b3(p−1)v2pi−3: a,b 0,
[
n − 1
p
]
< i  n − 1, i ≡ 0mod p
)
⊗ Fp
[
βQ ap−1Q b3(p−1)v2pi−3: a > 0, b 0,
[
n− 1
p
]
< i  n− 1, i ≡ 0mod p
]
.
As an algebra, H∗(Ω40 Sn;Fp), n 4, is isomorphic to the following [5,7]:
E
(
Q ap−1Q b3(p−1)un−4: a,b 0
)
⊗ Fp
[
βQ a+1p−1Q
b
3(p−1)un−4: a,b 0
]
⊗ Fp
[
Q a2(p−1)βQ
c
3(p−1)un−4: a 0, c  1
]
⊗ E(Q ap−1βQ b+12(p−1)βQ c3(p−1)un−4: a,b 0, c  1)
⊗ Fp
[
βQ a+1p−1βQ
b+1
2(p−1)βQ
c
3(p−1)un−4: a,b 0, c  1
]
.
From above expression, we can get H∗(Ω40 S3;Fp) by replacing un−4 by u2p−3 and c  1 by c  0.
Theorem 3.5. Let n > p. Then as an algebra H∗(Ω40 SU(n);Fp) is isomorphic to
P ⊗ Ω4(2i + 1: 1< i  n − 1, i ≡ 0mod p)
⊗ Fp
[
Q a2(p−1)Q
b
4(p−1)v2pi−4: a,b 0,
[
n − 1
p
]
< i  n − 1, i ≡ 0mod p
]
⊗ E
(
Q ap−1βQ
b+1
2(p−1)Q
c
4(p−1)v2pi−4: a,b, c  0,
[
n − 1
p
]
< i  n − 1, i ≡ 0mod p
)
⊗ Fp
[
βQ a+1p−1βQ
b+1
2(p−1)Q
c
4(p−1)v2pi−4: a,b, c  0,
[
n− 1
p
]
< i  n− 1, i ≡ 0mod p
]
where P = H∗(Ω40 S3;Fp) for n p, or P = E(Q ap−1Q b3(p−1)u2p−3: a,b 0) for n > p. Here Ω4(2i+1) denotes H∗(Ω4S2i+1;Fp).
Proof. Consider the Eilenberg–Moore spectral sequence converging to H∗(Ω40 SU(n);Fp) with
E2 ∼= TorH∗(Ω30 SU(n);Fp)(Fp,Fp).
Then by Theorem 2.3, the collapsing of above spectral sequence depends on whether
σ : Q H2kp+2(Ω30 SU(n);Fp)→ P H2kp+1(Ω40 SU(n);Fp)
is injective or not. By the exact sequence of Milnor and Moore in [15] and Theorem 2.3, we have
Q H2kp+2
(
Ω30 SU(n);Fp
)∼= P H2kp+2(Ω30 SU(n);Fp)
∼= Q H2kp+3(Ω2SU(n);Fp). (3.1)
From Theorem 2.4 and the information of H∗(Ω30 SU(n);Fp) in Theorem 3.4, we can obtain that H∗(Ω2SU(n);Fp) is, as an
algebra, isomorphic to
E
(
Q a(p−1)x2i−1: a 0, 1 i  n− 1, i ≡ 0mod p
)
⊗ Fp
[
βQ a+1
(p−1)x2i−1: a 0,
[
n − 1
p
]
< i  n− 1, i ≡ 0mod p
]
⊗ Fp
[
Q a2(p−1) y2pi−2: a 0,
[
n− 1
p
]
< i  n − 1, i ≡ 0mod p
]
.
Since |Q a(p−1)x2i−1| = 2pai − 1, |βQ a(p−1)x2i−1| = 2pai − 2, and |Q a2(p−1) y2pi−2| = 2pai − 2, there is no indecomposable
element of degree 2kp + 3 for any k 0 in H∗(Ω2SU(n);Fp). So by duality, there is no primitive element of degree 2kp + 3
for any k  0 in H∗(Ω2SU(n);Fp). Then by (3.1), Q H2kp+2(Ω30 SU(n);Fp) = 0. Hence kerσ = 0, so by Theorem 2.3 the
above Eilenberg–Moore spectral sequence collapses at E2 and there is no coalgebra extension problem in such a spectral
sequence [11]. Hence by duality, the Eilenberg–Moore spectral sequence converging to H∗(Ω40 SU(n);Fp) with
E2 ∼= CotorH∗(Ω30 SU(n);Fp)(Fp,Fp)
collapses at E2 and there is no algebra extension problem. Hence we get the conclusion for H∗(Ω40 SU(n);Fp) by the formal
Cotor computation. 
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Theorem 4.1. For any k ∈ Z , as an algebra we have
H∗
(Gk(SU(n));F2)= H∗(Ω4k SU(n);F2)⊗ H∗(SU(n);F2).
Proof. Consider a morphism of ﬁbrations
ΩBSU(n)  SU(n) −→ ∗ −→ BSU(n)
∂k ↓ ↓ ‖
Ω3k SU(n) −→ Mapk(S4, BSU(n))  BGk(SU(n)) −→ BSU(n).
We claim that (∂k)∗ = 0, to show that the Serre spectral sequence for the bottom row ﬁbration collapses at E2. Suppose that
(∂k)∗(x2i+1) = 0, say y2i+1 for some i, 1 i  n− 1, where H∗(SU(n);F2) = E(x3, x5, . . . , x2n−1). Note that H∗(Ω3k SU(n);F2)
is the tensor products of polynomial algebras by Theorem 3.1 and each Ω3k SU(n) for any component k ∈ Z is homotopy
equivalent to Ω30 SU(n). Since ∂k is an H-map, (∂k)∗(x22i+1) = y22i+1. But x22i+1 = 0 and y22i+1 = 0, which is a contradiction. So
(∂k)∗ = 0 and the Serre spectral sequence collapses at E2 by naturality of differentials.
There is a morphism of ﬁbrations
ΩSU(n) −→ ∗ −→ SU(n)
Ω∂k ↓ ↓ ∂k ↓
Ω(Ω3k SU(n)) −→ ∗ −→ Ω3k SU(n).
From above diagram, we can obtain that (Ω∂k)∗ is also a zero map by naturality of differentials. Note that every generator in
H∗(Ω3k SU(n);F2) is transgressive in the Serre spectral sequence of the bottom ﬁbration. Consider a morphism of ﬁbrations
ΩSU(n) −→ ∗ −→ SU(n)
Ω∂k ↓ ↓ ‖
Ω(Ω3k SU(n)) −→ Gk(SU(n)) −→ SU(n).
Then every transgression d2t+1 : H2t+1(SU(n);F2) → H2t(Ω(Ω3k SU(n));F2) for t  1 is trivial and we get the conclusion. 
We turn to odd prime cases. We consider a sequence of the ﬁbrations
Ω
(
Ω3k SU(n)
)→ Gk(SU(n))→ SU(n) ∂k−→ Ω3k SU(n). (4.1)
We claim that ∂k : SU(n) → Ω3k SU(n) is null-homotopic if p > n for odd n or p > n + 1 for even n. For such p, SU(n) is
p-regular. So there is a p-equivalence SU(n) p S3 × S5 × · · · × S2n−1. Hence localized at p, ∂k : S3 × S5 × · · · × S2n−1 →
Ω3k S
3 × Ω3S5 × · · · × Ω3S2n−1. Then ∂k is null homotopic for any k ∈ Z because
π2i+4
(
S2 j+1; p)= 0 for all 1 i, j  n − 1,
which can be derived from the following proposition. Here π∗(S2 j+1; p) denotes the p-primary component of π∗(S2 j+1).
Proposition 4.2. (See [18, Theorem 13.4].)
π2m+1+2i(p−1)−2
(
S2m+1; p)= Z/(p) for 1m < i, and i = 2, . . . , p − 1,
π2m+1+2i(p−1)−1
(
S2m+1; p)= Z/(p) for 1m, and i = 1,2, . . . , p − 1,
π2m+1+k
(
S2m+1; p)= 0 otherwise for k < 2p(p − 1) − 2.
Since ∂k : SU(n) → Ω3k SU(n) is null-homotopic in the sequence (4.1), we get
Gk
(
SU(n)
) Ω(Ω3k SU(n))× SU(n).
So we obtain the following.
Theorem 4.3. If p > n for odd n, or p > n+ 1 for even n, then we have
H∗
(Gk(SU(n));Fp)= H∗(Ω4k SU(n);Fp)⊗ H∗(SU(n);Fp)
as an algebra for any k ∈ Z .
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Ω3k SU(n) −→ Mapk(S4, BSU(n)) −→ BSU(n)
ιn ↓ ↓ ↓ in
Ω3k SU(n + 1) −→ Mapk(S4, BSU(n + 1)) −→ BSU(n + 1)
↓ ↓ ↓
.
.
.
.
.
.
.
.
.
↓ ↓ ↓
Ω3k SU −→ Mapk(S4, BSU ) −→ BSU .
(4.2)
Since H∗(Ω3SU ;Fp) = H∗(ΩU ;Fp) and H∗(BSU ;Fp) are concentrated in even degrees for any primes p, the Serre
spectral sequence for the bottom row ﬁbration collapses at E2. Consider the Serre spectral sequence for
Ω3k SU(n + k)
ιn+k−→ Ω3k SU(n + k + 1) → Ω3S2n+2k+1.
Then (ιn)∗ : H∗(Ω3k SU(n);Fp) → H∗(Ω3k SU(n + 1);Fp) is injective for all ∗  2n − 4. Similarly (ιn+1)∗ : H∗(Ω3k SU(n +
1);Fp) → H∗(Ω3k SU(n + 2);Fp) is injective for all ∗  2n − 2, and so on. Hence ι∗ : H∗(Ω3k SU(n);Fp) → H∗(Ω3k SU ;Fp)
is injective for all ∗  2n − 4, that is, every element in H∗(Ω3k SU(n);Fp) whose degree is less than or equal to 2n − 4
becomes stably an element in H∗(Ω3k SU ;Fp). Moreover i∗ : H∗(BSU(n);Fp) → H∗(BSU ;Fp) is injective for all ∗ 0. So by
naturality, every element in H∗(Ω3k SU(n);Fp) whose degree is less than 2n − 3 cannot be the target of any transgression
for the Serre Spectral sequence of the top row ﬁbration. That is, d2i(x2i) = 0 for 1 i  n − 2.
Theorem 4.4. Let n be an odd prime, or n + 1 be an odd prime. Then for p = n or p = n + 1 for such an n, we have the following: For
k ≡ 0mod p, H∗(Gk(SU(n));Fp) is isomorphic to
Ω4(2i + 1: 3 i  n − 1) ⊗ E(x2i+1: 1 i  n − 3)
⊗ E(xi: i = 2n − 3 for even n, or i = 2n − 1 for odd n)
⊗ Fp
[
Q a2(p−1)βQ
b
3(p−1)u2p−3: a + b 1
]
⊗ E(Q ap−1Q b3(p−1)u2p−3: a,b 0)⊗ Fp[βQ a+1p−1Q b3(p−1)u2p−3: a,b 0]
⊗ E(Q ap−1βQ b+12(p−1)βQ c3(p−1)u2p−3: a,b, c  0)
⊗ Fp
[
βQ a+1p−1βQ
b+1
2(p−1)βQ
c
3(p−1)u2p−3: a,b, c  0
]
.
Proof. For odd primes, there is mod p cross sections s : SU(2n)/Sp(n) → SU(2n) and we get the decomposition [8]:
SU(2n) (p) SU(2n)/Sp(n) × Sp(n). Hence Ω3SU(2n) (p) Ω3SU(2n)/Sp(n) × Ω3Sp(n). There is a morphism of ﬁbrations
Sp(m) −→ ∗ −→ BSp(m)
∂k ↓ ↓ ‖
Ω3k Sp(m) −→ Mapk(S4,BSp(m)) −→ BSp(m).
From [4] we get (∂k)∗(x4m−1) = βQ 2(p−1)u0 for k ≡ 0 mod p up to a choice of generator where H∗(Sp(m);Fp) =
E(x3, x7, . . . , x4m−1). Consider a commutative diagram
x4m−1 ∈ H∗(Sp(m);Fp) −→ x4m−1 ∈ H∗(SU(2m);Fp)
(∂k)∗ ↓ (∂k)∗ ↓
βQ 2(p−1)u0 ∈ H∗(Ω3k Sp(m);Fp) −→ βQ 2(p−1)u0 ∈ H∗(Ω3k SU(2m);Fp).
Note that H∗(Ω3k Sp(m);Fp) is the one part of the direct summands of H∗(Ω3k SU(2m);Fp).
There is a morphism of ﬁbrations
ΩSU(2m) −→ ∗ −→ SU(2m)
Ω∂k ↓ ↓ ∂k ↓
Ω(Ω3k SU(2m)) −→ ∗ −→ Ω3k SU(2m).
Then by naturality of differential we get (Ω∂k)∗(τ (x4m−1)) = 0 where τ is the homology transgression. Consider a morphism
of ﬁbrations
ΩSU(2m) −→ ∗ −→ SU(2m)
Ω∂k ↓ ↓ ‖
Ω(Ω3SU(2m)) −→ G (SU(2m)) −→ SU(2m).k k
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in P up to a choice of generator in Theorem 3.5. Note that each Ω(Ω3k SU(n)) for any k is homotopy equivalent to Ω
4
0 SU(n).
Moreover we have the following commutative diagram:
x4m−1 ∈ H∗(SU(2m);Fp) → x4m−1 ∈ H∗(SU(2m+ 1);Fp)
(∂k)∗ ↓ (∂k)∗ ↓
βQ 2(p−1)u0 ∈ H∗(Ω3k SU(2m);Fp) → βQ 2(p−1)u0 ∈ H∗(Ω3k SU(2m + 1);Fp).
(4.3)
Hence we also have non-trivial transgression from x4m−1 to βu2p−3 in the Serre spectral sequence of Ω(Ω3k SU(2m + 1)) →Gk(SU(2m+ 1)) → SU(2m+ 1). From above results we get the conclusion. 
Theorem 4.5. If p  n for odd n or p  n + 1 for even n, then we have
H∗
(Gk(SU(n));Fp)= H∗(Ω4k SU(n);Fp)⊗ H∗(SU(n);Fp)
as an algebra for any k ∈ Z .
Proof. We consider the Serre spectral sequence for the ﬁbration
Ω
(
Ω3k SU(n)
)→ Mapk(S4, SU(n))→ SU(n).
From the argument in the diagram (4.2), transgressions from generators of degree less than 2n−4 are trivial. Now we check
whether targets of transgressions from x2n−3 or x2n−1 are zero or not. From Theorem 3.5, possible elements for targets are
v2pi−4 for [n−1p ] < i  n − 1, i ≡ 0mod p, or βQ b3(p−1)u2i−3 for b > 0, [n−1p ] < i  n − 1, i ≡ 0mod p. Since p  n for odd n or
p  n+1 for even n, we get [n−1p ] = [n+1p ]. So |v2pi−4| 2p (n+1)p −4> 2n−2 and |βQ 3(p−1)u2i−3| > p(2 (n+1)p −3)+3p−4 >
2n − 2. So they cannot be a target. Since every transgression is trivial, the Serre spectral sequence collapses at E2 because
it is a spectral sequence of a Hopf algebra. So we get the conclusion. 
The remaining case is when p | n for odd n, or p | n + 1 for even n. While we are working on this paper, the following
question arose.
Question 4.6. Let p | n (p = n) for odd n, or p | n+ 1 (p = n + 1) for even n. Then, does the following statement hold?
H∗
(Gk(SU(n));Fp)= H∗(Ω4SU(n);Fp)⊗ H∗(SU(n);Fp)
as an algebra for any k ∈ Z .
Remark. (1) The statement in Question 4.6 holds if ∂∗ : H∗(SU(n);Fp) → H∗(Ω3SU(n);Fp) is trivial, especially if
∂∗(x2n−3) = 0 and ∂∗(x2n−1) = 0. In fact, we can show ∂∗ = 0 if the following statement about complex Stiefel manifolds
V2n,2n−(2n+1)/p = SU(2n)/SU((2n + 1)/p) is true.
π4n+2(V2n,2n−(2n+1)/p; p) = 0 for p | 2n + 1 (p = 2n + 1). (4.4)
Now assume that the above statement holds and prove that ∂∗ = 0. Consider the composite
S4n−1 i−→ SU(2n) ∂−→ Ω3SU(2n) j−→ Ω3SU(2n)/SU((2n + 1)/p).
Then localized at p for p | 2n+1 (p = 2n+1), the composite j ◦ ∂ ◦ i is null. On the other hand, ∂∗(x4n−3) = 0 because there
is no primitive element of that degree in H∗(Ω3SU(2n);Fp). Suppose that ∂∗(x4n−1) = 0. Then we have
H∗(S4n−1;Fp) i∗−→ H∗(SU(2n);Fp) ∂∗−→ H∗(Ω3SU(2n);Fp) j∗−→ H∗(Ω3SU(2n)/SU((2n + 1)/p);Fp)
x4n−1 −→ x4n−1 −→ y −→ y
where y = βQ 2(p−1)u(4n+2)/p−2 for (2n+1)/p ≡ 0 mod p, or y = v4n−1 for (2n+1)/p ≡ 0 mod p by Theorem 3.4. Note that
we also obtain j∗(y) = y from the information of Theorem 3.4. So ( j ◦ ∂ ◦ i)∗ is not trivial. This leads a contradiction. Hence
we get ∂∗(x4n−1) = 0. Similarly we can show that (∂)∗ is also trivial for the case H∗(SU(2n + 1);Fp) ∂∗−→ H∗(Ω3SU(2n +
1);Fp) using the diagram (4.3). Hence if the statement (4.4) is true, we get the aﬃrmative answer for Question 4.6.
(2) We do not have enough evidence to show that the statement (4.4) is true. However, for lower degrees such as
i  (4n + 2)/p, we have πi(V2n,2n−(2n+1)/p; p) = 0 [10, Theorem 5.1].
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